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S P H E R I C A L  S H E L L S  UNDER AXIALLY SYXIGTRIC 
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When i n v e s t i g a t i n g  s u p e r c r i t i c a l  deformations of s p k e r i c a l  

s h e l l s  under l o a d  and having an axial  synmetry, t h e  deformations are 
a l s o  a 6 s U m e d  axially symmetric. HOP ever, experiments show t h a t  t h i s  

may e v e n t u a l l y  no t  t a k e  p lace .  Thus, f o r  i n s t a n c e ,  i f  a f r e e l y - r e s t -  

i n g  a t  i t s  edge s p h e r i c a l  segment is loaded  by a concent ra ted  f o r c e ,  

a p p l i e d  at i ts  c e n t e r ,  the bulg ing  reAion has a shape of a round 
meniscus a t  comparat ively low value of t h i s  f o r c e .  men t h e  f o r c e  

a t t a i n s  a c e r t a i n  c r i t i c a l  value, t h e  meniscus' boundary begins  t o  

t ake  shape of  a t r i a n g l e  with rounded apexices  (Fisc. 1). 
Another example: Then t e E t i n g  

sphericL.1 s h e l l s  f o r  6teadine66 under 

e x t e r n a l  p r e s s u r e ,  t h e  ho l lov  a f t e r  

" floc '' at  t h e  s u r f a c e  of t he  sample 

h a s  t h e  shape of a polygon and not  a 
c i r c l e ,  a l though bo th ,  t h e  s h e l l  and 

t h e  loading r;ere c h a r a c t e r i z e d  by per- 

f e c t  synmetry. 

'$e s h a l l  p r e s e n t  i n  the c u r r e n t  

n o t e  some r e s u l t s  concerning the s t a b i -  

t y  of  a r i a l l y  s y m r e t r i c  d e f o r w t i o n s  of  a x i z l l y  s y ~ m e t r i c  s h e l l s  

f o r  two l o a d i n g  systems: concent rz ted  f o r c e  and uniform o u t e r  pressure. 
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The s e n e r a l  c o n s i d e r a t i o n s  r e l a t i v e  t o  t h e  i n v e F t i g a t i o n  metrod have 

heon expounced 39 t h e  a Q t h o r  i n  p reced ing  p u b l i c a t i o n s  and namely i n  

tile work iiii Sr r e f e r e n c e  111. 

1 . - F i r s t  of all at wish t o  p o i n t  o u t  t h e  very p o s z i b i l i t y  

o f  d i s r s p t i b n  o f  a x i a l  symmetry o f  defcrmations.  The f a c t  is t h a t  

t h e  s u p e r c r i i i c a i  deform: t ion  of  a s t r i c t l y  convex shell., f a s t e n e d  

a t  its edge is ob ta ined  i n  a hoii -n approximaticn by e p e c u l a r  r e f l e c t -  

ion of a c e r t a i n  o f  i t s  segments, as -BE shorn  in c13. The demonstra- 

t i o n  of t h i s  a F : e r t i o n  i s  bazed upon t t fo p o s i t i o n s  : 

1 )  e l a s t i c  deformaxions of a s h e l l  r e p r e s e n t  b a s i c a l l y  a 

geomet r i ca l  bending; 

2)  a s t r i c t l y  convex s u r f a c e  f a s t e n e d  at  t h e  edge does no t  

admit bendinqs wi thou t  r e g u l a r i t y  d i s r u p t i o n .  The a p p l i c a t i o n  of 
t h i s  r e - u l t  t o  rep1 s h e l l s  is l i n i t e d  by t \ f o  c o n d i t i o n s ,  c o r o l l a r y  

o f  premises  1) and 2). Namely, t h e  bu lg ing  ret$on lcust occupy a sub- 
s t a n t i a l  p a r t  of i t s  s u r f a c e ,  6 0  t h a t  t h e  geometr ical  c o n d i t i o n  o f  

i t s  edge f a s t e n i n ?  be no t  seskened by t h e  do fo rna t ion  of t h e  median 

s u r f a c e  of t h e  s h e l l .  The EtreEz=eE i n  s h e l l ' s  mater ia l  m u s t  n o t  

exceed t h e  l i r r i t  o f  e l a s t i c i t y ,  i n  order t > a t  t h e  r e l a t i v e  deforma- 

t i o n s  of  t h e  P P d j - a n  s u r f a c e  could be e s t i m a t e d  small. In both exam- 

ples preeen ted - the  d i s r u p t i o n  of S p h e r i c a l  S h e l l ' s  a x i a l l y  symmetric 

deformations,  t h e r e  c c n d i t i o n s  e r e  not  s a t i s f i e d .  That is v;hy t h e  very 

d e f l e c t i o n  oi t h e  deformation from a x i d  s y m e t r y  a r e  n o t  i n  contra-  

d i c t i o n  Kith t h e  r e z u l t s  ob ta ined  i n  t h e  work c13. 

of 

2.- The s t a t e  of e l a s t i c  e q u i l i b r i u m  of t h e  s h e l l  is defined 

by minimizing t h e  f u n c t i o n a l  

W ( F )  =UU(F)  - A ( F ) ,  

w?ich is considered i n  i s o m e t r i c a l  tranfsformations of t h e  i n i t i a l  

6 u r f ; c e  o f  t h e  'shell. U ( F )  is the energy o f  s h e l l ' s  d e f o r z a t i o n  

i n t o  shape F; A ( F )  is  t h e  work  accomplished a t  t h a t  e x t e r n z l  l o a d .  



( s e e  c13:. Here 2a i e  t h e  angle bet--een the t angen t s  t o  s u r f a c e  F 

p l a n e s  along t h e  r i b  7 ;  k - is t h e  r i b ' s  cu rva tu re ;  

nes6 of  t h e  s h e l l ;  t h e  i n t e g r a t i n :  iE e f f e c t e d  along r i b ' s  r arc.  

The c o m t m t  c aG0.18. The lroin d i f f i c u l t y  of  s o l v i n g  t h i s  problem 

8 -  is t h e  th i ck -  

o f  e l a s t i c  e q u i l i b r i u m  of t h e  s h e l l  

w'7en us ing  t h i s  approach is reduced 

t o  t h e  de te rmina t ion  of  all i s o m e t r i c  

t r ~ ~ s f o r n a t i o n s  o f  s h e l l ' s  median 

s u r f a c e .  

3 . -  .:e l i m i t  o u r s e l v e s  t o  

c o n s i d e r i n g  those  isometr ic  t ransforma- 

t i o n s  o f  t h e  s p h e r i c a l  s u r f a c e ,  a t  

which a r i b  f is forroed along t h e  

curve given by the  equz t ion  

r = R p ( 1 +  1 m M )  

where r ,  Q ;.re :he :7o]-zr 9c:cdesic 

coordi: :>tes.  The surface with such  a 

r i b ,  i s o m e t r i c  t o  t h e  s p h e r e .  will depend on t.;:o parameters  y and A .  
..-;e f i n d  t h e  shape of suc5 s u r f a c e  a t  s u f r i c i e n t l y  small values of f and 
A. F u r t h e r ,  we f i n d  in t h e  assumption o f  such smallness of parameters  

y and  A ,  U (F) and A (F). For deformat ion ' s  energy R e  o b t a i n  t h e  

expres s ion  

Yl 
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Fig. 2 

u (F) 3 c E&% R/Q8 (1 f A' (@ + (v)) + nF (w -1) k ' 
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The work A ,  e f f e c t e d  by external l o a d  under the  z c t i o n  of t h e  

concen t r a t ea  f o r c e  f is 

0 ./. 0 
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4. 

Only t h e  p r i n c i p a l  t e r n s  by order o t  magnitude a r e  w r i t t e n  i n  the  

e x p r e s s i o n s  for U (F) and A (F) .  

For a s h e l l  in e q u i l i b r i t m  c o n d i t i o n ,  parameters  P and A ,  

c h a r a c t e r i z i n g  t h e  deformation,  are determined from t h e  system of 
e quat  i o n s  -- d a 

- (U-A)=O, !dP (U -A) -O .  

For a f i x e d  k t h i s  sgstem r e l a t i v e  t o  f and A always h a s  the  so lu-  

t i o n  = 0 tIaxial-symmetric deformation) .  If Q is s u f f i c i e n t l y  small, 

this so'ution will be unicue. T h i s  means t h a t  a t  s x a l l  deformat ion  t h e  

bulging re*on h a s  t h e  shape of  a c i r c l e .  For great de'ormations (3.. e. 
a t  g r e a t  p ) , t h e  system a d z i t s  t o  the  c o n t r a r y  t h e  s o l u t i o n  

The value f l i m i t i n g  both  these cases ,  sa t isf ies  t h e  sys tem of  equa t ions  
h #  0 ,  

At k - 3 ,  w e  hence o:vtzin 

or, i n t r o d u c i n g  the  r a d i u s  r = Rt of t h e  bu1gir.g c i r c l e  

i 
t = - vri@. 

C 

Thus, TH3 BULGING IN THE S U P 2  GI' A CIRCLE UhTDER THE ACTION OF 
A COEC~;UT?..T23 X Z C E  IS ST2ADY SO LONG AS THZ RADIUS OF T H I S  CIRCLE IS 
r < v m / c .  The c i 5 t i c a l  f o r c e  f is  Getermines by t h e  formula 

f=-. 3rr EP 
R 



5 .  

4. :!e p re sen ted  in Fig.2 a graph of  c r i t i c a l  fo rce  f depen- 

dence on t h e  th i ckness  5 f o r  copper s h e l l s  of r a d i u s  R r 80 mm. 

Dots indicate t h e  v a i u e s  of t h e  c r i t i c a l  fo rce  obta ined  i n  t h e  experiment.  

5. - The i n v e s t i g a t i o n  of s u p e r c r i t i c a l  d e f o r a a t i o n s  of a s p h a .  

r i c d  s h e l l  a t  uniform external pres su re  l e a d 6  t o  a similar conclu- 

sion 86 in 3. -for a concent ra ted  l o a d .  Ramely, t h e  s u p s r c r i t i c a l  

deformation has an axial srmmetry, i. e. t h e  bulg ing  r eg ion  has  t h e  

shape  o f  a c i r c l e  80 long as t h e  r a d i u s  o f  t h e  c i r c l e  r < m R / c .  
t h a t  t h e  bulging r eg ion  be,zins t o  take shape of a t r i a n g l e  with rounded 

up apex ices ,  
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